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1 Intro Recursion

a Common

techniques
Divide Conquer E

Greedy Erin
dynamic programming

EX 11140

pieity theory
A's stories.name

gg Divide conuer
DiisttraAlg shortestpath Greedy

KMPalg string
Bellman Ford

BFS DFS Prim MST Dynamic

Kruskal Greedy programming

what I'll do
Modern algorithms

Randomized algorithms

Tanvir algorithms

online streaming algorithms

1 Randomized alg's
a warm up



Computation needs resources
time

space

Randomness is a resource

Amputational

I often extremelysimple Als's

I outperform deterministic

F on time
space

fail sometimes

prob of failure 0

2
vs probofcomputer hit

by a meteor



b examples
Primalitytesting Eg k Y 2
Given Integer V70

Ren N logN n

binary rep
Goal Is N prime
directaly's test 2,3 4 __ N

OCN 0 2n

polycnt.iteeiFsiafsirassens.t
AKS04 poly time det time

higher poly complicated Real apps

Polynomial identity testing PIT

paytime diet alg unknowns
17 effiientpmpgnd.at



Matrix Product checking
Given 3 nxn matrices A B C

Goal decide if AB C

direst alg
A B matrix mult

compare w e entry wise

O n
alg's naive 01m
Strassen 0 m

81

Divide conquer

0 A2 37188 2022

v m lower bound

81
Rand Alg O n2 alg



A on input A B C

sample ME 0,13 Uniftrand

Ept A B t C k

Time B kg r 0cm

Aly r O n

C f r 0cm

r r O n

Total time O n

ere example f Pg

AB C always correct
ABIC P ABIEL
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1 ProbabilityReviewaBasics
Sample space N set of allpossibleoutcomes

of a

random experiment
A single coin toss OmegaleftHTright

Fx o
Two coin tosses OmegaHHTTHT T1 13
Roll a 6sided die Omegaleft1ldots6right

Def an event E is any subset of or
E getting at least one HEAD in 2 GIN Tosses

OmegaHHTTHTTH

EHH1HT TH

DEF E F mutually exclusive

if E nF phi
E roll an even number 2 4,63
F roll an odd number 1,3153

consider a function
P no left01right

omega1 Pleftwright Prleftwright



Ex OmegaleftHTright
what do you want P to be
fair coin PleftHrightPleftTrightfrac12
Biased coin PleftHright085

PleftTright015
OBS PleftHrightPleftTright1
EX 20in tosses OmegaleftHHTTHTTHright

PleftHHrightPleftTTrightPleftHTrightPleftTHrightfrac14
EleftHHTTright

PleftErightPleftHHrightPleftTTrightsum_vinEPleftwrightfrac12
Pet A probability space is leftOmegaPright

N sample space
p prob function

N 0,1

Pleftomegarightgeq0forallomegainOmega

Axioms
of

Probability_
sum_vinOmegaPleftwright1
if E F mutuallyexclusive

PleftEcupFrightPleftErightPleftFright



Omega

Cor EoverlineEPleftoverlineEright1PleftEright
Complement

if EleqFPleftErightleqPleftFright
E
F

PleftEcupFrightPleftErightPleftFright
PleftEcapFright

FxiE

equally Likely outcomes

wed pleftwrightfrac1leftOmegaright
RightarrowPleftErightfracleftErightleftOmegaright

Ex Toss a coin 100 times

what's prob of 50 H's

Bfrac1250
Afrac12leftOmegaright2100leftErightleftbeginmatrix10050endmatrixright

Cleftbeginmatrix10050endmatrixright2100
50
100



2 MPC
Given ABCntimesn
Goal AcdotBC

A
choosen rleftarrowleft01rightn
check AleftBleftbeginmatrix1r1endmatrixrightrightCcdotleftbeginmatrix1r1endmatrixright

If ABC Aalways output leftYESright
ABneqC incorrect AB.r ccdotv

e g rleftbeginmatrix101endmatrixrightclaim ABneqC

pr
gammaleftarrowleft01rightn

leftABrcrrightleqfrac12
BAD

eventPfLet DABCleftABneqCright
neq0

Promise Ii j dig to

jdijneqthetacdotntimesnleftbeginmatrix1r1endmatrixrightntimes1leftbeginmatrixz1ziendmatrixrightleftbeginmatrix101endmatrixright
D

i
zisum_k1nd ik rk0



Leftrightarrowd_H0rjsum_kneqjdikrk
tLeftrightarrowrjfracsum_kneqjdikrkdij
frac12Prleftzi0rightPrleftrjtright

independentof r

forallizi0

Pleftz0rightleqPleftzi0rightfrac12
To fail

zi0
z0

3 Finger printing
xinleft01rightn xy yinleft01rightn

Alice

Given chiy
Goal decide if xy w fewbits

exchangeBob

Det space Oleftnright



Randomized O log n bits

tpickemeps.cn logn
x xmodp p output

ÉymÉp

tmall.se
y x y'always holds

Fy fail modp modp

p x yEpix y
p

04109 350 Lee 3

FAI Primenumber theorem

Sp psa prime alloga
primes Lee c m logn a c n legn

can

Pyepix y t ifca.gg



1 Randomvariables
a Basics

DEI X N S R

see

x event E w w

Expectation 721 weighted average

EX Eg Pre.x

linearity of expectation LOE

E Y E ELY

EI Betgame
Youchoose a card from a desk

I pay f 0
X Your earning

v2 0 3
or IR
WH in e as

f f ÉX Σ Pr X x x



Pr X 5 5 Pr x 0 0

4.5 1.25

Et same setup
play it Irounds
Y total earning
Y

Let t.EE iT.jnith round

OBS
y it 100

i EEX 1.25

E Y it 100

L E
E It Exo

100 1 25 25
A

b useful R V s
Bernoulli R.V biased coin toss

1 IP
EX p 1 ct pl o p

Binomial Riv of hedgasp a coin tosses



Bin n p
X has probability distribution

PXE pierpont

Eg PrEXDK

1nD
Ex use LOE

EX Return phones

X student get their own phone
students n

EFEX
i 1 n

Xi 1 if student i gets own phone
0 Qw

EX LOE

EEX EX Σ Xi
i

i E Xi Pr X 1 1 Prix 0

tn



EIX XD n.tn 1

g
G

ff f
biased coin Hmp

X tosses till first see H

Go p

claim Pr X n Ci p
1
p

N 1,2

claim PrEX D n

7 a

Eponcolleztorproblem.to
Descript

coupons

every time get one coupon
uniformlyat random

X of purchases open boxes

to collect.at onezopy



of eachcoupone

EIX
3

Ma
Xi already had it coupons

boxes to get coupon

Σ Xi X t Xn

Xi Geo pi
Geometric R.V

5 2 P2 1 4
i 3 P3 1

PE I IE

E Yi Yp T

I X EX



É EExi

E
It

n.EE0C2AFRRbk
Htin

Fats Can Hen In n 1

EEXT m.INT a
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0 Couponcollector application

If receiver
09

More
Goal Receiver wants to know

n routers

Parkage has space for one name
counter

Idea sample a uniform router

resord its name

Coupon collector problem
Minn packages suffice in expectance

Networking setting
1 Approximation algorithms

Intro vector cover node vertex
a Basics Graph G Y E

edges

DEF A vectorcover SEV
is a subset of V sit

touch all edges



E 0 0

V itself
S Ca c f d
b d e optional VC

Vertex cover
Given G V E

Goal find vertex covers

of ininimum size

wheknown
Brute force check all subsets of V

VIN 012
Np hard unlikely to admit

a poly time algorithm
b Approximation alg for VC

Freedy strategy
choose one that appears to be

beneficial at the moment



1stattemplp.cn vertex that touches
mostedges

App VCI on input G V E

for VEV in descending order
of c

i
add VES VC candidate
delete v neighbors from G

Analysis

T.fi 1
smtberc

v7Gs.t

151 N gn oPT
2ndatte.my

Apr12 on input G V E

while some edge u v3 is uncovered
add both u v to I Tcandidate

output T



correctness by termination condition

optimality

claim IT PT opt size of
minve

let e ez er be

the edges chosen during thealg

IT 2k

suffice to show OPT 71
H is subgraph of G

At least pick one mode
from eachof Kedges ini optimal ve

OPTK
IT 2 OPT

I
Approximation factor

Tight example on board



2OPT

fftfo.iq cmhfopoy time
NPhard

Np hard
uniquegame

conjecture
NPhard

Ireprincipaledapproacht
Integer linear propramming ILP

2 Linear programing
a Basic 3

21 Max 5 2 X 2 ER

liner constraints

OBJ 1 5 2
iiiiiiiI.is

Eiiii s



EXI max Xi X2 x X2ER

infeasible

71 may exit unbounded

Fft it 271
4 270

1

b LP algorithms for feasible instances

Simplex alg GeorgeDantzig 1947

Funnigtime worst case time

super fast real world



Poly time LP Alg's

Ellipsoid alg Khachiyan 979

NOT competitive inpractice

Interierpoint alg Karmakar 1984
Naredra

N.B Commercial solvers

solve Lp w millions of variable
constraints


