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1 Intro Recursion
a common techniques Divide Conquer

Greedy
dynamic programing

exposure to complexity

what I'll do theory
Modern algorithms
Randomized algorithms

Approximation algorithms
ondine streaming algorithms

1 Randomized alg's

a warm
up
computation needs resources
time

space
computational

Randomness is a resource



1 often extremely simple algorithms

I outperm deterministic algorithms
on time space

fail sometimes
probof failure 0 5

us prob of hardware failure
vs prob of computer hit by

a meteor

b Examples

Iii testing.IE ex 31E
Given integer Nso den N YogN n

Goal decide N prime
direct algorithm 2,3 4 I IN

OCN 01242

70s efficient randalg.polycn
Miller Rabin Solvay Strassen T

AKS04 poly time
detecthigherpoly complicated



Polynomial identity Testing PIT

poftimedet.ae g.unknown
1 veryefficient vandalg

Matrix Product checking
Give 3 nyn matrices A B C

Goal decide if AB C
Det alg A B matrix mult

Compare w C

M M alg's naive O n3

Strassen 0cm 81

Div Con

042.37188 2022

w

Land alg 0cm time



A on input A B C

Sample rE 0,13 unif.at rand

Output A B f
Time B f r 01m

A r 8 01m

c r r O n

r 8 O n

0cm
error 8
if AB C always correct

if ABFC Pr ABV C



2 ProbabilityReview
a Basics

Sample N set of all possible
out comes It 0

A single coin toss S 5H13
Two coin tosses S HH HT TH TI

Roll a f sided die N 7.2 6

PEF an event E is any subset off

getting at least one Head in 2 tosses

W HH HT TH 3
E HH HT TH

DE

fEhE teie
E roll an even number 2 4,63

F roll an odd number 1.3.53



Consider a function

p s 0,1
w plan Priw

EX N HIT
what do you want p to be

coin PCH PIT

Biascedoin P H 0 85
P T 015

OBS p H P T 1
EX Lcoin tosses N 5HH T TH TT

71 7 PC I PC PC

Prob of some outcome i e

E HH TT NOT an elem of N

P E P HH PITT FEEPrew

DEE A probabilityspace is a pair

or p



W sample space
P prob function

N 0 1

Plw 70 WEN

qypq

yyY
PLEUF PIE PIF

Axioms of Probability
Corollaries
PCEEYEEE.int
if EEF PCE PIF
PCEUF P E PCF

P EAF



Equally likely outcomes

F WEN

PCE
1

Ex Toss a coin 100 times

what's prob so H's

A B 0.118210
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1 Probability cont'd

a More exercises

Poll 2 dice 6 sided

what's probability both being event

N 1 63 51 63

Pew fut 6 WEN

E 2,4 6 2.4.63

PCE Yt 4
Shuffle a deck of cards 52

Any arrangement equally likely
Probability topted
have same tank y

N x y x y top 2 cards

Plw In twer



E ing
x y have same rank

IE 4 3
p 4,2

PCE 1

b Conditional probability

PCA B EMB
PCB

PIB 40

PLAN B PCA B P B

PCA B PCB A

c independence

DEI ARB independent
PLAN B P A P B C

P A PCA B



EX
Roll a 6 sided die
182 A lice wins

stop
3 Bob wins

otherwiseanotherrounds
P Alice wins 1ˢᵗ round

P Alice_ 2ⁿᵈ round I
1214

Az3

are I
P A2 P N n Az

P NI XP AZ NI

If they keep playing
P 1Alice wins at some point



2 Analyze MPC

Give AB C n B

Goal AB C

t
Chooserandom 90,13

check A B r r

If AB C always correct

if ABFC incorrect when ABr Cr

claim 1 gBr Cr

Pf Let D AB C ADAC
to

z D r dis to for
8mg

ifai llll f.it
Z Édikrk



digr
p
dierk

r tgE dM

P FIX
Indepot

Tofail.fi zi 0

Éhg

3 Fingerprinting
749234 seats

Alice Bob
Iver x y
Goal decide if x w few bits exchang
Det msg space O n



Randomized Ollogn bits

pick c n logn
sendi MQ.tt tymodp

Y g x y'always holds

Y

FACT Prime number theorem

1 p p a prime Mega

primes t.nl gn

Finns in

Pp plx y t
if 04



4 CO Colleztor problem

EtEt ne tha
20 items

every time pick one at random

howmany times to collect all
A 25 B 4T C 20 10920

20 43 86



03119 350 Lez

1 Random variables
a Basics
coin tosses of heads
random return Hw assignments
students get their own assignment

DEI s S R

or sea

x

X x event E wii ew x

Indef R.V's X Y R.us

Y are called indef iff
for all possible x y
events X x Y y indef

Expectation FAME weighted average

EX X xx



Linearityof expectation LOE

EX Y FIX ELY

EX Bet game
You choose a card from a deck

1 pay you
w

X your earning
n 0,53
02 IR

waxusesa.ttfElEEIXI

Es.PX

PU 5 t.PEI
5 5

4
EX same setup

play it 100 rounds

Y total earning



ELY
LOE

Let Xi earning in ith round
1 1 100

OBS Y x Xz t Yoo

EX 5
4

ELY X t too

E
EEX EE EEXo

100 5
4 125

b useful RV's

Bernoulli R.v biased coin toss

Fp
E EX p 1 Off p
Binomial R V of heads n win tosses

w bias p



Bin a p
11 has prob distribution

P X I k pka p k g.in
n

EEX IT P X K K
KIO

n.PT
Ex

in balls o.r.to

ED
T

1
m bins

X balls in bin 1

Bin m h p I
EEX m.tn
Y empty bins

2
ELY



EX Return Hw

X student get their
own assign

students n

i 1 n

xi 1 if student i getcorrect
HW

0 01W
OBI

X Xn

EEX EE g
ti EExi PCX7fPXD 0

nxt
a

Geomef p
TT



toss ep till first see it
Geom p

2

peen c ps top
n 1 2

chin EX peen n

1 11
Tponolleztorproblm.la

n coupons
every time get one coupon
Uniformly at random

X ofpurchasesfboxes

to collect at least one copy
of ecuport



EEN

t.o.itof i.i.fi
3

Xi already had i 1 coupons
boxes to get a new coupon

EX it Xn

in Geom Pa
5 2 2 11

Geometric R v 5 3 Pg

Re

EIXES Ipo y

EEN EX gEEX



It that

nE
IHca

FAI Ian Hca Slant

EEN n Inn

b Application

receiver

my
Goal Receiver want to know

all n routers

package has space for one name

counter



Ide.sampleauniformroute
27.7 distributed setting
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nodes vertex

1 Intro Vertex cover
a Basics

Graph G E

edges

SEVE

t.FI fvit
Is all edges

971k
Vatself
a c e g d

b e d optimal VC

Vertex cover

Given G V E

Goal Find vertex cover S
of minimumsize

N n
fee all subsetsofV 012



Nip hard unknown unlikely to

admit a poly time alg's

b Approx alg's for VC

Greedy strategies
choose one that appears to be

beneficial up to somemilesure
at the Moment

1ˢᵗ
w vertex that touches

Ledges

ftp.VCI.oninpu

G V E

forveV in
1Ejgegrder

add v to 5 V candidate
de etew neighborsfromG

T.ttneInes 5ayildgesare'touched

optimality
G int 15 N lognOPT



2ⁿᵈattempt
on input G V E

some u v is unaved
add both mV to vccandidate

loyal
claims T is VC

by termination condition

claims IT 2 OPT OPT is size

of min VC

let e er be the

edges chosen during the alg

IT 2k

Sufficeto show OPT 3K

subgraph of G
other edges may exist in G

At least pick one

node from each of
k edges in opt VC

OPT 3K

IT 2 OPT a



APP NC2 find app.tl jinfaztercofsizeat most 2 OPT

find a graph saturates the bound
IT 2 OPT

This shows 2 approx fator is tight

b e d

9 19 opt 3

Run App VC2 on G
C Remarks on VC

qq.at
3

oEz1 fTpoly
time

I
NFhard uniquegame conjecture

Np hard

A more principled approach

Liegramming ILP

2 Linear programming
a Brasics



feasible

Eii ii linear constraints

v Are 1
15 9

X 5 2 9 154580iiii
in

I se
21 max Xi X2 infeasible

Ark
Iot TÉ

unbounded

Inter



b Lp algorithms for feasible instances

Simplex of_ GeorgeDantzig 1947

linear constraints
define a polygonT as feasible region

Gt Hill climbing
move to a neighbor

if objvalue increasf

It find initial feasible vertex
which neighbor to move to

Running time
worst case exponential time

Least real world

correctness

Lex polyhedron linear obj
local max global max



poly time LP Alg's

Ellipsoid Alg Khachiyan 1979
Cart competitive in practice

Interior point alg Karmakar1984
Naredra

N B Commercial solvers
solve LP W millions of variables

contraints

C Formal description
standard form
m of constraints 2 1 m

n of variables 5 1 N

Input real numbers

Cj aij be c 1 m

J 1 n

Output real numbers g
max 1 Cj x

cob function

subtfffagxgsbot ti.imv
matrix form 70 5 1 n
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objective
145

C x Cc x

an Ain A row vector

defines one constraint
lime a'in

men

b Eiji's sbit a.im

Ax b
30

nx

matrix form LP

1s A b
70

N
a Integral L P variables must have

ILP integer value

Formulating Vertex Cover as ILP
For each iEV introduce Xi 0,71

11 indicate whether
node w̅ is included



Xi size of veEIiiiiiiiii.IE

Ye 0,1 EU

Epis NP hard poly time alg unlikely
V
fling aside integral constraint

I min 1
sub Xitt 1 i j EE

Xi 1 i EV

8

Let be an optimal soln for Ʃ
optimal value OPT 1

how to derive an integral soln
Rounding threshold

Lxt 1 st
c O o w

IS is a feasible soln



i GE x xj 1

s or or both

after rounding ii is covered

se t
2 OPT 2 OPTint

9 It a
C Set Cover

Input Universe
S1 Sm EV

Goal Find IE 1 im aslaspossible
sit gets i V1

ILP TI for set cover

for each set Si introduce Xi 0,13
1 whether to choose Si

m

Lin Ee of subset chosen

subjI well Eyes 71



I at least one of thesubsets containing a
is chosen

d RandomizedRounding

Idea Suppose x is opt for LP
exit 1 fractional

I 1 w.p.net
0 v p 1 x

ETÉ i It.EEI
OBS Xi is Bernoulli R.U

Kifwip x

EEIIEfetto.pk g
EE.to

is
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1 ILP Approximationalgorithing

optician kxkiatiit.in
ILP LP

Is iie
x ̅ integer c i x fractional

randomized

A valid feasible solu to ILP

Any good Approxmation ratio

2 Algorithms in new settings A few examples

a Property testing another kind of approximation
in P T Devision Problem YES NO answers

o

T.EE
for fromYES

Toy example zero testing

2 Yetide on



Need to read entire input

iEAIFI.is
P.T Is w o or pen 1s far fromo

M Iples.ee positionsunitandmom
2 If i found output NO

aalys.si
YEst

if weo always answer YES

if W E far

p error P outputYES iwis en

P no 1 s Tu s randompositions

9

at least En red balls
00 e

s
e é c

nballs
g ee



Tiananmenthen s p iterationsof test

EE IIEIIaE
of 1 sided error
randomized algorithms

b streaming algorithms

Motivation internet traffic

router observe packetstransmitted

aldl 1 d

quickly process eachelemI can not hold it forlong
I QuicklyProleput

Diminthigking

Data stream Model Alon Matias Szegedy 96
Model stream as my element fromG1 n

al Am 3 53,7
G compute a function of the stream



e g average median distinctelem's

Eyexample a stream a jan 17
n 1 distinct elem's from 51 n

Op
Got find the missing elem

using logn memory

i E
spae to store m logn 0 login

g
Reservoir sampling 7k E

car i am m is knowns distinct

Sam e an elem s from it wifat random

pick air wip tm
what if m is unkn own

1 iiiii.nl2 on seeing tth element

Leaaitin



Analysis At time t ca jdes
want 5 a up i 1 t

Look at air i is

P s a P ai chosen at tim i
A it t not changed

indep Is P a chosen at ievents

P Ai Not changed at it

I ritz

P at t

I 1 t t

FI
L

PATCH

Éo 00 OR
Goal 12 wants to learn names of all



routers along the PATH

limit each packet can carry
one router info a counter

7dec every parket records a random router

How reservoir sampling

N.is P.T streaming
massive data
long access time

computing useful info by reading
a tinyption of data runs

in
subtineay

time curt full input

Randomization is key


