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Logistics

* HW1 due Sunday

* Work in groups, write up individually

" Project
* Form groups of 2-3 persons by next week

= Workflow

* Work on pre-class materials: 80% success depends on it!
* In-class: practice what you studied and extend to new topics
* Post-class: review and reinforce



Review: qubit

- Superposition

= Amplitudes «, 8 € C, |a|* + |B]* =1
a
= Explicit state is (,3) € C?
(2-norm / Euclidean norm = 1)

= Cannot explicitly extract « and f8
(only statistical inference)



Dirac bra/ket notation

= Ket: |¢) always denotes a column vector a
.o (1 _ (0 Ex. [¢)
Convention: |0) = (0), |1) = (1) o)
= Bra: (| always denotes a row vector that is
the conjugate transpose of [1)) E>+. W = (af, a3, .., a})

= Inner product: (1)|¢) denotes (gbl D)

* Vectors to scalar

= Quter product: |)(¢| denotes |)) - (¢ ]

* Vectors to matrix Ex. [OX(1]| = ((1)) (01)= (8 (1))
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Ex. (0[1) = (1 0) (‘1)) -0



Basic operations on a qubit

0. Initialize qubit to |0) or to |1)
1. Apply a unitary operation U (UT U = I)

Linear map A & matrix A
0 1 Apply A to |Y) < matrix mult./A|y)
x=(7 o), Xloy=11),x]1)=0)
1 0
1
0

)
). 210y =10)211) = -1)
1

) HIOY =4, HI = |-)



Basic operations on a qubit

0. Initialize qubit to |0) or to |1)
1. Apply a unitary operation U (UT U = I)

2. Perform a “standard” measurement: v
posterior state
0 with prob |a|? |0) B
" |1 with prob |2 —
1 with prob |S| - |0>
a

... and the quantum state collapses

N.B.There exist other quantum operations, but they
can all be “simulated” by the aforementioned types



A few tips

= Linearity. Let A be a linear map. Any v; € Ctc,eCi=1,..,k

> A is uniquely determined by its action on a basis

« Letuy,..,uy € C* be a basis 2 Vv € C% can be expressed by v =}, c;u;
 GivenA(uy) =w;,i=1,...,d 2 Av = AQ; ciuy) = X ciA(u;) = Y ciw;
R i) = 2

= When Dirac notation unclear, convert to vectors/matrices

» When Dirac notation unclear, convert to vectors/matri




Two qubits: composed system

a|0) + ﬁ|1)®a'|0) + B'11) = aa’|00) + aB’|01) + Ba’|10) + BB|11)

= Tensor product ®

allB alzB alnB

a, B a,,B
[Almsn @ [Bliwe = | 217 227 . G2nB

Am1B  amzB T B mkxnf



Two qubits: composed system

allB alzB alnB
a,1B a,,B
[Almscn ® [Blixe = | 2“7 . a2nB
mkxnft

/‘“ 1
£ 1>l 1-
Ex. [00) = 0) ® [0) = (@ ((1))
'(0)
0 0
01) = <§> 10) = <2> )= (
0 0

_ oo O

> [ @) = [¥) @ |¢)



General n-qubit systems

= Probabilistic states = Quantum states =3
Vx € {0,1)%,py = 0 pOOO\ vx € (0,1}, a, € C /%000
Poo1 ®o01
pr =1 Po1o Zlaxlz =1 Q010
X Po11 X do11
P100 ®100
P101 ” 101
P110/ ~— \0(110)
o~ -~ W
P111 @>/D 01>\_~ 05111 2\

|4~ -~
Dirac notation: |000),[001),|010), ...,]111) are basis vectors

=>» Any state can be written as ) = ), a,.|x)



Operations on n-qubit states

= Unitary operations: z a, |x) - U(z ay|x))
(U'u=1) x X

[ 2"x "

= Measurements: posterior state

(000  with prob |ocgg| 1000)
) 001 with prob [aceq 1001)
L 111 with prob |a,,|° 1111)

... and the quantum state collapses
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Model of computation




Classical Boolean circuits

)
_

Bit 0/1
Data flow =—p

Classical circuits:
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Quantum circuit model

Qubit |b)—X— |-b)
) = l0) + 1) - o)
Data flow =—p l et
|D) —~P+— |a D b)

Quantum circuits: la)|b) » |a)|a @D b)

0 7] THOD-

H—d 0 D

1) — 1 (standard) Measure

0)_| CNOT o i

1) TH] || D~ 1
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The power of computation

= Computability: can you
solve it, in principle?
[Given program code, will this program

terminate or loop indefinitely?]
Uncomputable!

Church-Turing Thesis. A problem
can be computed in any reasonable
model of computation iff. it is
computable by a Boolean circuit.

= Complexity: can you solve it,
under resource constraints?
[Can you factor a 1024-bit integer in 3
seconds!]

Extended Church-Turing Thesis.
A function can be computed
efficiently in any reasonable model of
computation iff. it is efficiently
computable by a Boolean circuit.

@_ Quantum computer — Disprove ECTT?
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Product state vs. entangled state

= Product state )5 = [Y)4 @ |P)5
5
[Y)ap = al0) + B|1) ® a'|0) + B'[1)

= |Y),p an arbitrary 2-qubit state:
Can we always write it as [Y)4, & |Y) for some |), and |p)g?
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Product state vs. entangled state

state: [Y) 4 # [P)4 @ [P)p for any [P) and |P)5

Ex.||®) = Jii(|oo> +|11)) |EPR (Einstein—Podolsky—Rosen) pair

* Mathematically, not surprising:
A&B

* Physically, non-classical correlation,
“spooky” action at a distance

= Cor. need to speak of than individuals
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Exercise: correlation & entanglement

1. Consider two bits a&b whose joint state (i.e., prob. distribution) is

1/2\ 00
: T 0 01
described by probabilistic vector v = 0 | 10
i2) a1
*  What is the probability that ab = 11? Pe(oeb=41) = ’/a

* Does there exist two-dimensional probabilistic vectors u, and ug such that

) .5
(F)= (e )= %)
0 - L -
%, 4 />
per y <1 Ot E
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Exercise: correlation & entanglement

2. Prove that the EPR state |®) = %UOO) +|11)) cannot be written as |Y) &

) for anE@Z\
!

/o )%

(Jl /\/"S) E
Z 5) ( > |
fl &fédl § oek

WA, )8
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Two-qubit gates

Given two qubits in state |Y) 45

Description Algebra Circuit
Apply unitary U to [{)4p Ul)as A
|¢>AB{ 5 |U
Apply unitary U to qubit A UQ IY)ap 4 Iy
|¢>AB{ B
Apply unitary U, to qubit A Us Q@ Ugl) 4z AT,
& unitary Ug to qubitB | —— lw)AB{B_U
B

= Facts
* Given unitary U,V, U @ V is also unitary.
c (URVARK®B)=UAQVB




Exercise: two-qubit gates

X@I:<" |

Jﬂko>+|1> //’ |
0/

i.e. |[P) =X R I(([0) + 1) 4R [0)5)

=?

( LZad )) @ 0>5>

—/(X{‘?)—!'Xll)) ® 127
= (11> +(e >)A®(D>B

D)

X

D) =?
100) +[11) pos }I )

ie. |®) = X ® Z(|00) + [11))

=? Y Q7 (€>©> A x®@Z i )
o'
‘&@)@(Z\o\)) « () o2 ’>)

= D &®|o> +10>B (1)
= [1=> = [o1 D



Exercise: CNOT

R
Control [a)—“#—" |ay (CNOT:00) - |00) 10 0 0
01) » [00) [cnoT =[O0 1 0 O
|10) » [11) 0 0 0 1
G v [ 1w el
l }ld)) =? 0)+ 1) |? vV —(NUXQ"»"' “o>)
D (10) — D) |?

=caoT o9 + on)l°>

— ooy ) | >
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Exercise: CNOT

Control |a) |a) CNOT:|00) - [00) (1) 2 8 8
|01) = |00)  cNOT =
|10) » |11) 0O 0 0 1
T: b
arget [b) —PH |a & b) 1) & 10 001 0

Q\o>+[;>)@uo7 - h))
@ o - - IN/=1%)
, |o>[0% o> ( /1>> Lo+
— [oe) — (ol L+ ])o) ——||\>
N CN'DT: x

—> (00> — [o1> + “P:/—)l/(» 137_»)

N.B. “control” qubit may change on some input state -
— 1> (>~ 12) 4 11> (12 —/O>)]\

0) =11

-

= To> ([a>=»d=/1> (ro>=)1>D



Exercise: controlled unitary

Control c—u: |00) = |00) 10 00
T 01) »00)  c_py=[O0 1 0 0

Tarset U [10) ~ [1)U]0) <0 0 Hoo ”01>

arge 111) & |1)U]1) 0 0 Ui Ui

0 /\ o 9 f\ C-Z/<90>—/— C2 1

/ T ) = | 100) + |11 T =?
& o (o)
—(oD>— 1>
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Apps of Entanglement

1. Superdense coding



How much classical information in n qubits?

= 2"—] complex numbers apparently needed to describe an
arbitrary n-qubit state:

Qlooo/000) + 0140;|001) + 010/010) + ... + o;44|111)

= Does this mean that an exponential amount of classical
information is somehow “stored” in n qubits?

Not in an operational sense ...

Holevo’s Theorem (from 1973) implies: one cannot convey more
than 7 classical bits of information in n qubits

25



Superdense coding (prelude)

Goal: Alice wants to convey two classical bits
to Bob sending just one qubit

a,b < {0,1} Alice Bob

ab?

By Holevo’s Theorem, this is impossible!
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Superdense coding with shared EPR
Yes, if they pre-share EPR!

1
|P) =ﬁ(|00)+ 11))

" Bob

a,b < {0,1} Alice L — ~_
s [

v ab




Superdense coding protocol

1.

Bob: create |00) + |11) and
send the first qubit to Alice

Alice:

* if a = 1 then apply Z to qubit
* if b = 1 then apply X to qubit
* send the qubit back to Bob

Bob: apply the “gadget” and
measure the two qubits
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Analysis
0 T,
,\9)’“ T\/
/ X
x@ﬂQOO) + |11)){ ) =7
o LN o2 + 191
b ‘(/ /) ab )
S | 00 |? loedt(1
e w1701 |7 (1o Hol
{ [HHY 1@ 10 ? foe> — )1 >
" 11 |? |1oy —(ol)

Bell states

o (oo ()
—(10>+(?) +(10>=12>)

=\ (g2% )
a /

H

)

. Input

Output

N

100y + 1)

01) +110) _
00) —11) _

? (2>
—?—>|°\>

_?.>(I0>

01) = |10) |

2> (11)
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Apps of Entanglement

2. Quantum teleportation



Partial measurement

= Measuring the first qubit of a two-qubit system

7 I
0‘00|OO>+0¢01\01>+@01|10>+a11|11) { ' L/

e

With probability

posterior state (renormalizedl)

po = lagol?® + lags]?

2 2
= |« + |
P1 lagol laq1] L/

oo|00) + ag1|01)

\/|C¥00|2 + |agq]?
a10/10) + a11[11)

\/|C¥10|2 + |aq1]?

—

NotHM i
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Partial measurement: Exercise

= Measuring the first qubit of a two-qubit system

' I
) = 2100y L j10) + L |11>{ =

See

With probability

posterior state (renormalized!)

0

I/¢
3 /%




Partial measurement: Exercise

;
= Measuring the first qubit of a two-qubit system —-2e>+ Iz h>
, N N
) = 5100) [ 2 110) + =11} 0D — 2 &) 1)
3 7
= A trick [|><—‘§|o> —l—jj)ﬁ) 3 W\ ¢ oz j@
o~ ~%\ +\ﬁ\ = ——"5
(P>
See With probability posterior state ( 1)
0
z
1 | &S L g —

W1l 2 Nerm o nvetfer 3



Transmitting qubits by classical bits

Goal: Alice conveys a qubit to Bob by sending just classical bits

Alice Bob
7
ol0) + BIL) g

@ cl0)+ p1)
» |If Alice knows a, f € C, requires infinitely many bits for perfect precision

Y VYV O

= If Alice doesn't know a or f3, she can at best acquire one bit by measurement
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: afliin offle
Teleportation = o

Theorem. classical bit enough if pre-share —

o cam—

NN

1

—= (100) +[11))

V2

d+py @ B - 7

s
I




Teleportation: protocol

Theorem. two classical bit enough if pre-share EPR ~ —

—_—

_ L —] _Ai/ =

| [) a0>+ﬁ_1 D= l ’—\} .

Alice | /D—:\ — D—
= - ‘
00) + 11 ! “
00y + 117 b)
Bob QX ~0]0) + B[1)
>

» Does Alice still hold |y) at the end?
= Communicating faster than the speed of light?
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Teleportation: analysis

) = a|0) + BI1)
B
00) + [11)
c Z— al0)+ 1)
0: .wv@(oo7+m>>% & (cNDTAg@’ﬂ
= (ot DY @0 1) o Bosyrallor >
— oL looor 4+ 2ol L Bliiey pllol>

+@ \/IPOD> AV@ ll\l> 2 - \F"A@’I%c



Teleportation: analysis

0 17/ L o Gukome eobs gubit
) = al0)+ BI1) T = 0O Ale> fID
B —o— I 0 ol())—H;liD
00) +[11) o o> B S
c 7 0/0) gt | > — 1>
20 ol Hioy 02D ,k(éoo/> Elle >

SIS o e T

—A] Oefo>-\*ol[\o‘b> e /> ()1 + (5= 1o>)

el U A A1 D S Sy — 1D
+@(0102_§[}10> ,\—|3(>(oll|>/(§|°>>




Teleportation: analysis

Alices ) = a/0) + BIT)

00) + |11 R .
00) +|11) e
Bob C SR

oL OvkmMe | Baobs qubit
QO A\o>_§ﬁll>@ N r\a—&(m?v\%\
0) | PP <

Lo |elio> —Fli>e(Z)
(> —Flp e =
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Scratch



Questions?

= Use zoom chat and campuswire DM/chatroom to mingle and
identify potential group members

= Ask me if you want a Zoom breakout room
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Scratch



