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Abstract

Quantum computation, in order to be used reliably and in confidence, needs a reliable way
to correct for errors (otherwise you might be able to accurately simulate an unreliable quantum
computer by flipping a bunch of coins and accepting whatever aggregate binary string you get
out as an answer) [1]. An interferometer is only as good as its ability to decohere accidental
interference. Knill and Leflamme developed a general theory of error correction, building off
of Shor’s observation that basic assumptions can be made about a generality of error states,
and that correction of an error does not necessarily entail that a qubit’s state be entirely known
[19]. Their paper described necessary properties for a coding and operators that allow for a
quantum computation to both be checked for errors, and be able to fully utilize the power of
quantum interactions [15].

Some examples of error-correcting and error-detecting codes are ones developed by Shor
[7], another by Bacon and Shor [4], and surface code developed later by Fowler, Mariantoni,
Martinis, and Cleland [13]. Stabilizer codes and their derivatives are most often used to de-
termine if a state has changed to something it’s not supposed to be via limiting the degrees
of freedom of individual qubits, but allowing for enough degrees of a freedom in a group of
error-resistant qubits to constitute a workable Hilbert space [14].

1 Goals

For our paper and presentation we intend to present a survey of error correction in quantum
circuits. A natural first step of this goal is understanding the subject material to some degree,
which is a non-negligible task in any scientific field with the appellation of "quantum". Once
explanations of the error correcting circuits can be achieved beyond an incoherent melange of
profanity and the words "thingie" and "doohickie", we can proceed.

Our survey will consist of background information on the problem of error correction for clas-
sical information, followed by the problems introduced by use of quantum information. Then
we’ll describe the listed algorithms for correcting qubit errors in rough order of complexity /discovery,
starting with the basic 9-qubit Shor code and finishing with surface code. Along with explaining
the algorithms, we’ll discuss some of the interesting conclusions from the papers and their impli-
cations for actual physical implementation of a robust quantum circuit.

2 Classical Error Correction

To understand the nature of noise for quantum information, it is helpful to first review how noise
works in a classical information setting.



A formal mathematical definition of noise was first developed by mathematician Claude Shan-
non in 1948 [18]. In simple terms when transmitting some amount of information in bits over a
channel, noise can be described as each transmitted bit having some probability p of being altered.
Since a bit only possesses two possible states, it’s rather obvious what the resulting output of an
altered bit would be: the bit is flipped.

Recovering the original information content of a message that has been affected by noise is
accomplished via Error Correcting Codes, which function by adding some amount of additional
redundant bits computed from a function on the original message in order to detect and hopefully
pinpoint bit flip errors. Assuming a correctly designed algorithm, these redundant bits can reduce
the probability of transmitting an erroneous message to an arbitrary degree.

For any given string of bits {0,1}", the total probability of the message having no errors with
a bit flip error probability of p for any given individual bitis (1 — p)”. When p is extremely small,
such as is the case in memory stored to disk, it suffices to simply checksum the data to detect
the presence of error and then retransmit in that event. However as soon as p grows beyond
negligibility, the total probability of error exponentiates and redundancy becomes necessary in
order to preserve the integrity of the data.

3 Quantum Errors

3.1 Arbitrary Quantum Errors

When extending the concept of signal noise to quantum information, several factors exist that
complicate our model beyond the simple bit flip error and correction via copying redundant in-
formation. Perhaps most significantly, the fact that a qubit is defined by a pair of complex numbers
means that any potential error on a qubit has not merely two potential states as in the classical case,
but an uncountably infinite number of potential error states. This arbitrary error can be modeled
as a unitary transformation U applied to the quantum state during transmission.

The implication of this is that any quantum error-correcting circuit necessarily needs to be able
to precisely diagnose the transformation applied by signal noise and then apply another reversing
transformation to recover the original information.

3.2 Diagnosing Quantum Errors

In attempting to determine what if any transformation has occurred to a qubit via noise, we run
into our second issue in quantum computation that complicates error correction. Observation of a
qubit collapses its state from a pair of complex numbers down to a single classical bit, essentially
eliminating the qubit’s computational power in the circuit. Clearly we want to preserve the state
of our data, while also analyzing the qubit to see if it has been transformed.

If we had this problem of observation causing state loss in a classical circuit, a simple solution
would be to copy the bit in order to preserve the information. Of course the no-cloning theorem
precludes this strategy: a quantum state can be teleported but not duplicated. So we are left with
the following problem to solve: take a qubit that cannot be copied, potentially apply a random
unitary transformation to it, and then without observation detect and reverse that transformation.

3.3 Syndrome Measurement

As it turns out, we are able to work around the limitations of quantum information to still perform
error correction. As an alternative to copying qubits and violating the no-cloning theorem, it



is possible to spread the information contained in a single qubit by entangling it with ancilla
qubits and sending that collection of qubits over the noisy channel. On the receiving end, the
challenge then becomes locating which of the entangled bits were transformed and reversing that
transformation to rebuild the original qubit.

Our ability to reverse the transformation applied by noise depends on being able to reduce
the myriad possible potential errors into a finite set of errors that can be measured and corrected
in a quantum circuit. We take advantage of the fact that the identity matrix I and three Pauli
operators X, Y, and Z for a basis by which we can define any arbitrary unitary operator U as a
linear combination of those basis operators. We further take advantage of a property of syndrome
measurement in our correcting circuit, namely that the arbitrary error it itself projected onto this
basis space. This reduces a potential error down to either none or one of the Pauli operators and
allows our circuit to reverse that Pauli operation and recover the original quantum state, as we
will see with the Shor code.

3.4 Non-unitary Quantum Errors

Some other non-systematic, environmental errors are more tricky - in the case of other quantum
systems becoming somehow entangled or interacting with the system that we are performing
computations with. As well, many physical systems that can be used to model quantum systems
have more degrees of freedom than anticipated (ex. Ca™ ion w/ >2 levels of freedom), and can
cause leakage of information, or even a collapse of the state to a vacuum state.

4 Quantum Error Correction

4.1 Existence of Reliable QECC

Calderbank and Shor outlined many definitions useful for recovering quantum states from coher-
ent errors via projection onto a codeword-based Hilbert subspace. [7]

A code C of length 7 is a set of binary vectors of length 7, called codewords. In a linear
code the codewords are those vectors in a substace of F} (the n-dimensional vector
space over the field F, on two elements). ... A linear code with length 1, dimension k,
and minimum distance d is called an [n, k, d] code.

The elements of a quantum error correcting code act on encoded states: Q : H5 +— H%, where
the amount of information in a codeword compared to some arbitrary string of Q = k/r. The
properties of this code depend on the subspace of H%, QHX. Calderbank and Shor leave this
projection for a simpler orthoganal basis on the subspace of H/, where the elements of this basis
are the quantum codewords.

Using these definitions, they proved the existence of a code that would correct for a variety
of errors in a fault-tolerant way, opening the way for codes like [8], which use smaller overhead
error-catching ancilla gates to stabalize a logical qubit.

4.2 Properties of QECC

Considering a QECC in the context of purifying singlets from mixed states [6], the goal of a QECC
might look like this:



Assume there is a state |¢) = «a|0) + B|1), that is encoded by a unitary transforma-
tion to a higher dimensional Hilbert space, with basis vectors |vp) and |v7). Can we
choose these basis vectors such that the original state can be decoded after applying
Werner-type errors (un-normalized linear operators to the original state vector, includ-
ing measurement of random qubits) to the encoded state?

The necessary conditions for these basis vectors are that the environment producing the Werner-
type errors can acquire no additional information about the original input state by random mea-
surement:

Vi - (09| RIRivg) = (vo|Rf Ri[p) (1)
Vi - (v1|RIR;|vg) =0 2)

4.3 Shor Code

The Shor code is a simple algorithm developed by Peter Shor in 1995 that is capable of correcting
an arbitrary single qubit error [19]. Most qubit errors are either bit flips, sign flips, or both, and
represented by the three Pauli operators X, Y, and Z respectively. However any arbitrary single
qubit error can be described as a unitary transformation U. This arbitrary unitary operation can be
expressed as a superposition of basis operations, in this case a linear combination of the Identity
matrix and the three Pauli operators: U = al + X + 7Y + 6Z. Error syndrome measurement
has the projective effect of measurement which forces an arbitrary qubit error into a specific Pauli
operation, meaning that an error-correcting circuit capable of correcting both sign and phase errors
is sufficient to correct any arbitrary single qubit error.
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The Shor code works by entangling the qubit with the information we wish to protect with
eight other qubits, sending those qubits through the noisy channel, and then performing syn-
drome measurement to detect and correct any bit flip or phase flip error that might have occurred.
The initial qubit |) = «|0) 4 B|1) is transformed into the following product state.
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After passing through the noise transformation E, if none or one of the qubits has had an error
applied, the circuit is able to correct that error. The first set of CNOT gates reverses a possible bit
flip error by comparing the eigenvalues of pairs of qubits to isolate the location of the bit flip and
reverse it. The second set of CNOTs similarly works to isolate and reverse a phase flip within any
one of the three-qubit clusters.

It is important to note that this circuit only succeeds in the event of zero or one error occurring
in the set of nine qubits transmitted. Particularly if two phase flips occur then this circuit will
perform a bit flip on the original state, and vice versa should two bit flips occur. Assuming each
qubit is independently subjected to the same probability p of an arbitrary error occurring, the total
probability of the circuit being in error is bounded by 16p2. Thus, the Shor code only increases the
reliability of transmission if p < 11—6. [16]

4.4 Stabilizer Formalism

A formalism to describe codes that satisfy the necessary conditions for higher-dimensional en-
codings of qubits was developed by Daniel Gottesman in a 1997 paper [14]. In it, he describes a
group-theoretic structure, and a subclass of QECC he names “stabalizer codes”. The error model
of the stabilizer formalism that he uses assumes independent Pauli-gate errors on different qubits,
with equal probability of coming across a o, 0y, 0> error on a error-ed qubit. This model is defi-
cient in capturing the generality of errors, but Gottesman continues on to describe the necessary
properties of a group of operators that makes them a candidate for a stabilizing code.
The group is composed of operators that do not transform valid codewords:

Mlyp) = ¢)

But do transform error-ed codewords back to valid ones (an operator M commutes with another
Pauli error E):
ME|y) = EM[yp) = E[¢)

And by measuring the eigenvalues of each of the operators in the group, an error syndrome can
be reproduced, without disturbing the state vector of the original encoded state in the codeword
space (the error syndrome was later proved not needed to be fully revealed, and still be able to
reproduce a signal on a noisy quantum channel by [20]).

An example of a “perfect” stabilizer code is described by Gottesmanl (every possible error
syndrome is used by the single-qubit errors, a property shared by Shor’s 9-qubit code).

My |ox ox ox o0x 0x 0x 0x O0x
Mz oy 0Oy Oy Oz 0Oz 0Oz 0Oz 0Oz
M3 I ox I Oox Oy 0Oz 0Oy 0z
My | I o0ox o0z oy 1 ox 07 o0y
M5 I Oy 0O0Ox 0Oz 0x U0z I Oy

X1 Ox O0Ox I I I 0z I (%4
X2 ox I Oox 0Oy I I (%4 I
X3 Ox I I oy 0O0Ox 0Oz I I
I (4 I (%4 I (4 I (%4
Zz I I Oy 0Oz I I Oy Oz
I I I I oy 0Oz 0Oz 0Oz

Table 1: An example stabilizer a eight-qubit code described by Gottesman.



4.5 Compression Formalism

The Pauli-matrix error assumptions that lie at the heart of the Stabilizer formalism lacks the abil-
ity to generalize errors and correct errors on arbitrary quantum channels with reliable results.
The Compression formalism, which uses a higher-order matrix analysis framework, attempts to
present another attempt at capturing the general error on an arbitrary channel [10].

451 Compression Problem

Numerical ranges of a matrix T € C™"*" are defined:

A= W(T) = {(Tylp) : [p) € C" [[[9)]] = 1}
Where A; represents the k = 1 numerical range. The k-rank range is then:
Ay = {A € C": PTP = AP for some rank-k projection P}

The “compression problem” is the question of what those scalars A; are, and their associated
projections P; are.

4.5.2 Properties of Higher Rank Numerical Ranges and Application

Various properties of higher rank numeric ranges, also studied by the authors [9], were used to
develop codes that work on an arbitrary bipartite qubit system.
Some of the properties:

¢ The rank-k numerical range of a n dimensional Hermitian operator invariant under complex
conjugation coincides with the set [ak, 2, 1] (k > 1 and is fixed).

¢ For the same Hermitian operator ¢, the rank-k numerical range has the following property:

Ar(0) € (col
r

And a third property used later to determine the compression values A; for the higher rank
numeric range:

Let U be a unitary on H = C%. Then we have the following characterizations of the
numerical ranges for U:

(1) A1(U) = W(U) is the subset of the unit disk in C given by the convex hull of the
eigenvalues for U.

(ii) A2(U) is non-empty and given as follows. Let z; = /%, with 6 € [0,27) for k =
1,2,3,4, be the eigenvalues for U, ordered so that 0 < 61 < 0, < 03 < 04 < 271,
(a) If the spectrum of U is non-degenerate, so 6 # 6; Vk # j, then Ay(U) = {A}

where A is the intersection point in C of the line ¢;3 through z; and z3, with
the line /54 through z; and zy.

(b) If U has three distinct eigenvalues, say 6; = 6 for some pair j # k but 6; # 6;
otherwise, then Ay (U) = {z;}.

(c) If U has two distinct eigenvalues, each of multiplicity two, say z and w, then
Ao (U) consists of the line segment L = [z, w| joining z and w.
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(d) If U has two distinct eigenvalues, one A = z with multiplicity three and the
other with multiplicity one, then A, (U) = {z}.
(e) If U has a single eigenvalue A = z, then U is the scalar operator U = z14 and
Ao (U) = {z}.
(iii) As(U) is non-empty if and only if A3(U) = {Ao} is a singleton set and Ay is an
eigenvalue for U of geometric multiplicity at least three;

dim(ker(U — Apl)) > 3. 3)

(iv) A4(U) is non-empty if and only if U is a scalar multiple of the identity operator.
And more generally, to find all correctable codes of a bi-unitary channel E = {V, W} [9]:
1. Compute the set of compression-values A; of A (VW) using the above properties.
2. Obtain the family of projections P that satisfy PVTWP = AP for each compression-value A;.

The subspaces corresponding to P are precisely the correctable codes for E = {V, W}.
The authors note that, in order for codes to be developed out of the formalism, explicit projec-
tions have to be identified.

5 Surface Code

5.1 Toric Code

"Surface code" is the name of a specific variety of quantum error correction. The idea traces its
origins back to the concept of Toric codes, invented by Alexei Kitaev. As their name implies, Toric
codes involve a torus, at least in one interpretation. They can be more easily understood as a
square lattice, where the vertices and faces of the lattice each correspond to their own stabilizer
codes, Ay = Il;c,0] and B, = Il;c,07. These stabilizer codes do not affect the qubits in the base
state, for example, A,|¢p) = |¢) in the defined stabilizer space for both codes. Therefore, if the
above isn’t true, then we know that an error has been introduced. Additionally, because

5.2 Surface Code

Surface code is notable in that it’s very tolerant of local errors, relative to other methods of quan-
tum error correction. However, this comes at the cost of using a great deal of physical qubits just
to represent a single logical qubit. In fact, it requires a minimum of thirteen physical qubits to
represent a logical one, and if one wants a logical qubit that’s reasonably error tolerant, then one
should be ready to dedicate hundreds or thousands of physical qubits to representing it. The ul-
timate number depends on the error rate, though. For example, if the error rate is improved by a
factor of 10, then the number of physical qubits needed is reduced by an order of magnitude.

The actual code itself involves two kinds of qubits differentiated by how we use them; data
qubits that store computational quantum states, and measurement qubits that affect and stabilize
the data qubits. Functionally, qubit errors come in two flavors, bit-flip errors and phase-flip errors.
Therefore, there are two kinds of measurement qubits as well, measure-X qubits that help with
bit-flip errors, and measure-Z qubits that do the same for phase-flips. Essentially, when a data
qubit develops an error, trying to measure it comes with the issue of destroying the information it
contains. However, measure-X and measure-Z qubits fix this.



Delft University
IBM (ref. 3)  (ref. 2) UCSB (ref. 9)

Parity checker (Z basis) Data qubit
Parity checker (X basis)

Above is a 2-dimensional representation of a surface code system. [5] Note how, here, every
logical qubit is flanked by two measure-X and two measure-Z qubits, here called parity checkers
on the X or Z basis. While actual systems can be far more complex, this diagram is useful for
picturing what’s going on while it runs.
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Essentially, the system goes through surface code cycles where the measurement qubits run
through CNOT gates in a very specific fashion (see the diagrams above) with the logical qubits
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around them and are measured, arriving at a total combined state |). Remarkably, in subsequent
cycles, due to the nature of stabilizer codes, if none of the logical qubits suffer an error, the state
will remain |¢). However, if a particular qubit 4 undergoes an error, such as a phase flip (and
is not automatically fixed by a surface code cycle, which is statistically likely), it will change the
measurement outcomes of the two measure-X qubits flanking g, causing a difference in |i) while
allowing us to also know what logical qubit is responsible, so we can manually phase-flip it to
correct the error without even needing to directly measure it.

The above circuits also bear several quirks that deserve mention. The stablizer code properties
of surface code are quite fragile, breaking without proper care and attention. For example, note
how the circuit involving a measure-z qubit has two identity gates. This is because, in order for
the stabliter property to hold, both measure-x and measure-z qubits must act in lockstep with
each other, running at the exact same time. However, because the circuit for measure-x qubits
runs it through two Hadamard gates, it would be out of sync with the circuit for measure-z qubits
without additional identity gates (note that, while this is sufficient for a theoretical understanding,
there my still be a physical issue here if the physical implementation of an identity gate does not
take as long as the implementation of the Hadamard gate). Additionally, the qubits 4, b, ¢, and
d listed in each circuit are processed in a zig-zag pattern. a is above the measurement qubit, b is
to it’s left, ¢ to it’s right, and d is below it. Again, this is specifically because following a different
pattern would break the stablizer property.

One might also wonder, since the code notes any difference from the base state as an error,
how we can affect the contents of the data cubits without the surface code undoing our actions.
This can be achieved by changing the base state. We are also able to utilize these measure qubits
to implement regular operations on the logical qubits without affecting the stabelizer code prop-
erties that allow the system to find and correct errors. However, due to the complexity of these
operations, their summery will not be included here. Suffice to say, much like other QECC’s,
implementation of logical gates work on the code as a whole, measure qubits included. [13]

In all, even considering how it’s complexity would require extra considerations for physical
implementation and the large number of physical qubits required if the error rate it high, surface
code still remains one of the most promising QECC’s for an actual machine today. The gains of
nearly automatic stabilization, even in the face of common errors, are too great to ignore.

6 Physical Implementations of QECC

It can become easy to get lost in all the theory and advanced mathematics involved in QECC, so
much so that one can lose track of the goal. Physical realizations of QECC in quantum circuits
have been made and documented, with decently improving results.

Early experimental error correction used error correcting procedures realized in trichloroethy-
lene that implemented the three-qubit code in a NMR setting [11] [12]. In 2011, improving on
the methods and techniques used earlier to improve the fidelity, researchers were able to increase
tidelity by 10% (> 95 % at 0 seconds after computations) [21]. In 2012, a three-qubit system imple-
menting the CNOT gate was able to, with 85 £1 percent fidelity to the expected classical results,
and 75 +1 percent fidelity to the expected quantum results [17].

At some point, quantum computing will be reliable enough, via error-correcting codes and
other methods, to produce results with high fidelity. High enough fidelity to even be used com-
mercially, as some companies are expecting [3] [2] as either a per-customer based solution, or a
centralized quantum mainframe solution.
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