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Dynamic Programming: recap

= Break up a problem into a series of overlapping subproblems

* There is an ordering on the subproblems, and a relation showing
how to solve a subproblem given answers to “smaller” ones.

An implicit DAG: nodes=subproblems, edges = dependencies

Top-down -

@5&{,\ * DP is about smart recursion {\
@mm{ (i.e. without repetition) by - \ .
C}?@ momoization g}%

%3
4 ¢ |* Usually easy to express by L,
t ) } building up a table iteratively %@Q%QQQ

Credit: I"iary Wootters > Bottom-u P




1.

A DP recipe

Formulate the problem recursively (key step!)
a) Specification. Describe what problems to solve (not how)

b) Recursion. Give a recursive formula for the whole problem in terms answers to
smaller instances of the same problem f%l
(X
3

c) Step back and double check!

st

: : : : R

Build solutions to your recurrence (kinda routine) %ngéff,gg
a) Identify subproblems We usually go with bottom-up

b) Choose a memoization data structure approach in this class

c) ldentify dependencies and find a good order (DAG in topological order)
d) Write down your algorithm

e) Analyze time (and space)

f) Further improvements if possible



Matrix chain multiplication

In which order to multiply a sequence of
rectangular matrices?

AX(BXC) VS. (AXB)XC

» Both correct: associativity
* Does the order matter?
= What we care: # of multiplications of numbers



Review: matrix multiplication

= Matrices X,,,x,, and Y, Compatible: # column(X) = # row(Y)
J
X Y 7 i
| —— — O Zij=zxi€y€j
(i,)) =1
n multiplications
mxn
mXk of real numbers
nxk

= Computing Z = X;unYuxk: mnk scaler multiplications

Let’s forget about Strassen’s divide-
&-conquer algorithm for now
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Why order matters ...

A:30x1 | I
. ] % X X —
B:1x40 {540 P
C:40x10
1130x1 40%10 30Xx25
¢c.10x2>
((AB)(CD)) Vs. (A((BC)D))
41200 scalar mult. 1400 scalar mult.



Matrix chain order problem

* Input. Matrices 44, ..., 4,
* A; size

= Output. Optimal for computing I1;4;

* Minimum # of scalar multiplications

= Brute-force
P(1) =1,P(n) = P(k)P(n — k)

e Exercise. Prove P(n) = Q(2")



DP1: develop a recursion

* Input. Matrices 44, ..., 4,
o Ai size di_1Xdi

= Output. Optimal order for computing I1; 4;

* Minimum # of scalar multiplications 1a. specification

/

Def. M(i,j) = min # of mult. needed to compute P;; := A;A;11 ... 4;
= Goal. Find M(1,n)

= Basis: M(i,i) =0

= Recursion: how to define M(i, j) recursively?

~~

1b. b recursion



DP1: develop a recursion

= Assuming optimal order divides at k A4; ... 4;
(Pik) (Ai ---Ak)(Ak+1 ---Aj) (Pk‘l'lf)d X d.
diy X% | | | o
- | |
M(i, k) M(k+1,j)
* Cost to compute Pji: M (i, k)
* Cost to compute Pyyq;: M(k +1,j)

* Cost to compute: Py XPy;: d; Xd)Xd; scaler multiplications
( 0 ifi=j
M(i,j) = min {M(i, k) + M(k+1,j) + di_ldkd]-} otherwise
I1<k<j

\
= How many subproblems in total? 0(n?)

computing Z = XpxnYnxk:



DP2: build solutions bottom up

M|1|2|3]4]5 {
T @ OO @
3|
2 | XTI
Ny
3| X|X - = Computing M (i, ) needs @
4 | X[ X[ XS * Same row: everything on the left
SIX | X| XX * Same column: everything below
* Go along diagonal! @

2a. Identify subproblems
2b. Choose a data structure
2c. Identify and find a good



DP2: build solutions bottom up

213/4|5| MatrixChain (n)

4| // M(i,j) memoize subproblem values
3| Fori=2..,n

) M[i,i] < 0

Forl=1,..,n—1//diagonals

Fori=1,..,n—1//row
Jj =1+ 1//the column of row i on [-th diag.

X | <=

Albhlw N =l
X X[ X[ Xldo| =
X | X| X

Ml[i,j] « o

X
X
a

Fork=1i,..j—1
Mli,j]
=min{M[i, j], M[i, k] + M|k + 1,j] + d;_1d;d;}

2d.Write down your algorithm = Running time: 0(7’13)
2e.Analyze time (and space)



Example

1 2 3 4

1} 0 11200 700 1400 | yy; ) - 30140

M(2,3) = 1x40x10
3| X X 0 10,000
Y% X X 0 M(3,4) = 40x10x25

M(1,3) = min{M(1,2) + 30x40x10,
A{:30X1

M(2,3) + 30x1x10}

Ay: 1x40 M(2,4) = min{M(2,3) + 1x10x25,
A3:40%10 M(3,4) + 1x40x25}

Ay:10X25 M(1,4) = min{...}



DP3: constructing an optimal solution

MatrixChain (n)
[/ M(i,j) memoize subproblem values

‘ // S|i, j] memoize optimal split index ‘

Forl =
Fori=1,..,n—1
j=1+1//the column of row i on [-th diag.
Fork=1i..j—1
Mli, j| = min{M[i, j], M[i, <] + M|k + 1,j],d;_1dd;}

‘Reoord the optimal k: S[i,j] « k ‘

= Exercise. Find the optimal order of multiplication from §
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